Nonconformal transformations, which leave the qualitative behavior of discrete dynamical sy stems invariant but destroy or create analyticity for the equations of motion are investigated. For linear transformations, an explicit criterion is demonstrated, which allows to check whether a map is conjugate to a complex holomorphic dynamics.
* Current address: Electronics Research Laboratory, Uni versity of California, Berkeley, CA 94720, USA. Reprint requests to Michael Klein, Institut für Physikalische und Theoretische Chemie, Universität Tübingen, Auf der Morgenstelle 8, D-7400 Tübingen. taken into consideration. As an example, the basins of attraction of a cycle of period 11 and of infinity for the complex logistic map are presented -with coordinates transformed via the Henon map. That is, the struc tures shown here are nothing but the well known results from the z2-family -provided the current transformation is on hand. To our knowledge there exists no theorem which allows one to decide whether a dynamical system can be transformed to a complex analytic one or not, thus even the question of existence is open. However, we are not going to get deeper into the problem of general transformations but rather turn to the specific question of finding a criterion for linear transforms.
Any homogeneous linear automorphism, T, in two real dimensions (trivial shifts will be neglected) may be written as T = a / I 0 \ / c o s " -sin « > \ s c \a b j \sin (p cos (pJ The constant factor oc together with the second matrix, C, yield the general form of a conformal linear trans form, and hence do not change the analyticity of a map. In contrast, the first transform, S, is either a diagonal matrix with b = ± 1, which leaves the holo morphic structure of the dynamics invariant, or it is a non-conformal transform, that might destroy analyt icity or allows to regain it. Since any linear mapping possesses the shape of the first matrix, modulo a conformal transform, for our present purpose we can use S as the canonical representation of a linear automor phism. Let the equation of motion be given by
0932-0784 / 88 / 1100-1091 $ 01.30/0. -Please order a reprint rather than making your own copy. The two possible signs of b reflect the fact that the matrix ^ ^ is not a conformal map, but, to gether with its inverse, leaves the holomorphic struc ture unaffected. Equation (5) provides several condi tions on the original dynamics in order to make S an automorphism: First the two expressions on the righthand sides have to be real constants, i.e., they must be independent both of x' and of y'. For this purpose Fy. may not vanish. Moreover b too has to be nonzero, otherwise S would be a singular matrix. For the special cases of already holomorphic dy namics, the matrix S turns out to be of the shape 1 o\ q +1 ), i-e., it is either the identity mapping or it switches the orientation of the coordinate frame. And for those dynamics where coordinates are just stretched without changing the relative direction (like in the example cited above), we find a = 0 and b = ± y j -G'x /Fy . Now that we have solved one problem, two others arose. Analyticity of the map is definitly not a proper ty of any direct relevance for the dynamical behavior of a system. However, it is still an open question whether bi-fractal [9] basin boundaries appear only in dynamics being conjugate to a complex analytic one. This is tightly connected to the second problem of finding a possible transformation which restores the Cauchy-Riemann property. Although both questions are still open, it seems no longer justified to talk about the dynamical structures which arise in the complex analytic case, as being limited to "very special cases of two-dimensional maps" [1] , On the contrary we see the chance that the dynamics of a huge class of dynamical systems can be treated by the extremely powerful tool of the theory of holomorphic complex functions.
